UVA CS 6316: Machine Learning : 2019 Fall
Course Project: Deep2Reproduce @
https://github.com/qiyanjun/deep2reproduce/tree/master/2019Fall

On the Optimization of Deep Networks:

Implicit Acceleration by Overparameterization

Reproduced By: Fuxiao Liu, Yinzhu Jin, Dexuan Zhang, Tianyang Luo


https://github.com/qiyanjun/deep2reproduce/tree/master/2019Fall

Outline

e Background and Motivation——

e Claim/Target Task

e Related Work and Proposed Solution

e Implementation Toolbox and Data Summary
e Experiments and Analysis

e Conclusion and Future Work



Background and Motivation

e Conventional wisdom in deep learning states that increasing depth improves
expressiveness but complicates optimization.

e Momentum, adaptive reqularization and AdaGrad.

e This paper conveys a rather counterintuitive message: Increasing depth can
accelerate optimization.
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Claim/Target Task

If increasing depth leads to faster training on a given dataset, how can one
tell whether the improvement arose from a true acceleration
phenomenon, or simply due to better representational power (the
shallower network was unable to attain the same training loss).

Linear Neural Network.

Adding layers does not alter expressiveness; it manifests itself only in the
replacement of a matrix parameter by a product of matrices — an
overparameterization.
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Related Work

® Theoretical study of optimization in deep learning is a highly active area of research. Works along
this line typically analyze critical points (local minima, saddles) in the landscape of the training
objective, either for linear networks.

e Other works characterize other aspects of objective landscapes, for example Safran & Shamir
(2016) showed that under certain conditions a monotonically descending path from initialization to
global optimum exists.

e For linear networks. Like ours, these works analyze gradient descent through its corresponding
differential equations. Fukumizu (1998) focuses on linear regression with 12 loss, but does not
consider the effect of varying depth.

e Use of preconditioners to speed up optimization is also a well-known technique, including classic
Newton’s method.In terms of combining momentum and adaptive precondition- ing, Adam (Kingma
& Ba, 2014) is a popular approach,



Proposed Solution - theoretical derivation

e An N-layer linear neural network, can be seen as a function:
B(x) = WW,_, .. W,x
Denote: W, = W, Wy_, ... W« which is a kxd vector
e At each time of gradient descent:
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n: learning rate; 1. weight decay coefficient



The gradient of each parameter can be seen as a function of t, given learning
rate is very small

Assume the following stands, which is approximately true if parameters are
initialized closed to zero:

“’}11 (to) “‘S‘H (to) = W_}(ta )mr(to)'

Then we can deduct that this equation also stands for vt 2 to.
This leads to the expression of We along t, returning back to the discrete
situation, we can get update rule for We:
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To make it more interpretable, we can convert parameter matrix into a vector
in column-first order, then the equation is:
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whose eigenvectors are: vec(u.vy)r=1..kr' =1..d left/right singular

vector of We
with corresponding eigenvalues:
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The transformation applied to the gradient can be seen as a preconditioning,

which favors directions that correspond to singular vectors whose presence in We

is stronger.

Since parameters are initialized near zero, the location in parameter space can

also be regarded as the overall movement made by the algorithm.

Thus, overparameterization promotes movement along directions already taken by

the optimization, and therefore can be seen as a form of acceleration



Single-output Case
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Two parts:

e Adaptive learning rate
e Amplify gradient on direction of We



Overparameterization effect cannot be attained via regularization

How to prove?

Rriaf ctimmany:
) F(W):=
IWIE™ - (W) + (V=1) P {7 (W)}) is not gradient field of any function
e Assume there exists such a function
e We can find a closed curve, s.t. Linear Integral of F(W) over this curve does

not vanish.

e This contradicts with the gradient theorem, which says for a continuously

differentiable function h, and a piecewise smooth curve, it stands:
dh |
AW h(ve) — h(vs)



Remember that the whole theoretical derivation relies on two approximation:

1. Wi (to) Wiy, (to) = Wi(to )W/ (t,)  is true for initialization

1. Learning rate is very small so that the update rule can be seen as a
continuous function.

To fully justify the effects of overparameterization, experiments are needed.
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Implementation Toolbox

.F' | Keras

TensorfFlow

. gNumPy

O PyTorch




Data Summary

Gas Sensor Array Drift at Different Concentrations Dataset

Obtained from UCI Machine Learning Repository

Only ethanol data used

Scalar regression task with 2565 examples comprising 128 features
Perform scaling before the experiments (min-max scaling, Z-score
normalization)

MNIST dataset

e Embedded in a built-in tutorial in TensorFlow
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Experimental Results

Experiment 1

This experiment shows
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that the theoretical
update rule can also
empirically explain the
update of deep linear

neural network.

We can also see that
the width of network is
not related to the

converging speed.



Experimental Results

Experiment 1
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def emulatelx, v,V init, iterations=200000, 1y=0.001, N=2, p=2, 1bd=0) :
W = W.init.clone().detach()# (1, 128)
W.requires_grad = True

loss 1st = []

for 1 in zrange(iterations):

Experiment 1 Code

emulate function prd = torch.mm(x,W.t())# (batch, 1)
implements the theoretical Srl = e R
update rule of linear neural loss = torch. sun({prd—y)**p) /p/len(y)
network. loss. backward()

loss_lst. appendifloat (loss))
it 1%1000=0:

H;‘"“ﬁ'l} . ( A\ ) u (t) print (i, float(loss))
€ ‘. grad = W.grad.data# (1, 128)
_UH '.'V (d” ( ‘ mH. fctl =  torch. norm (W) **(2-2 /M)
W unit = W/(torch.norm(W))

( } Pr '”{du (H'“)}) fect2 = grad+iN-1)*torch.mmigrad, W unit. t{))*W unit
¥ = (1-1r*1bd*N)*W—lr*fctl*fct
¥ = W.clone().detach()
W.requires_grad = True
return loss_lst



Experiment 1 Code

Step 1. Calculate loss loss = torch. sun((prd-y)**p)/p/len(y)
Step 2. Get gradient loss. backward() grad = W.grad. datai
Step 3. Calculate adaptive learning rate scalar fct1 = torch. norm (W) ** (2—2/K)

Step 4. Calculate the projection of gradient on the direction of W

V_unit = W/ (torch.noxm(¥))
fct2 = gradt(i-1)*torch. an(gxad. ¥ unit. t () *¥_unit

Step 5. Update W ¥ = (1-lr*1bd*N)*W-lr*fctl*fct2




Experiment 1 Code

fwidth, width)

ibatch, width)

def trainix,v, W lst,iterations=200000, 1r=0. 001, N=2, p=2, 1bd=0) :
los=s_1=st = []
w1l = W 1st[0].clonel).detach()# (width, 128
Wl.requires_grad = True
w2 = W 1lst[l].clone().detach()# (1, width) ox
W2. requires_grad = True
if N=3:
w3 = W 1st[2].clone().detach{)# (1, width)
W3.requires_grad = True
for i1 in ranse(iterations):
prd = +torch.mm(x,Wl.t())# (batch, width)
prd = torch.mm(prd,W2.t())# (batch,1) or
if N=3:
prd = torch.mm(prd, W3.t())# (batch, 1)
prd = +torch. zqueeze (prd)
losz = torch. sum({prd—v)**p) /p/len(y)

loss. backward()
loss_l=st. append(float (loss))
if  1%1000=0:

print(i, float({loss))

gradl = Wl.grad.data

¥l = (1-lr*1bd)*Wl-lr*gradl
¥l = W¥l.clone().detach()
Wl. requires_grad =
grad? = WZ.grad.data

w2 = (1-1r*1bd)*W2-1lr*grad?

¥2 = W2.clone().detach()

W2, requires_grad = True

if N=3:

gradd = Wi.grad. data

W3 = (1-lr*1bd)*W3-lr*zrad3
¥3 = ¥Wi.clone().detach()
W3. requires_grad =
loss_lst

True

True

return

This function simply trains a
linear neural network using
gradient descent.
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Experiment 2
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Figures show the convergence of the
gradient descent of optimization of single
layer against depth-2 and depth-3.

With L2 loss, deeper networks show
slower convergence rate. However, with
L4 loss, consist of quantitative analysis,
depth indicates optimization.

Gradient descent optimization of single
layer model vs. linear networks of depth 2
and 3



Experimental Results

Experiment 2

W1l = torch.randn((1,128))*8.01
W2 = torch.randn((1,1))*8.081
W3 = torch.randn((1,1))*8.081

W_1st = [Wi,W2,W3]
rates = [0.00001,0.00005,0.0001,0.0005,0.001,0.005,0.01,0.05, 0.1,0.5]
for rate in rates:
loss = train(x,y,W_lst,lr=rate,iterations = 3080808, N=3,p=2,1bd=8)
plt.semilogy(loss,label=str(rate))
plt.legend(loc="best")
plt.show()

W1l = torch.randn((1,128))*e8.01
W 1st = [W1]
t1l loss = train(x,y,W_1lst,1r=8.85,iterations = 7608860, N=1,p=2,1bd=8)

W2 = torch.randn((1,1))*8.01
W 1st = [W1,W2]
t2_loss = train(x,y,W_1st,1lr=8.85,iterations = 780000,N=2,p=2,1bd=8)

W3 = torch.randn((1,1))*8.01
W 1st = [W1,W2,W3]
t3_loss = train(x,y,W_l1st,1lr=8.5,iterations = 7080000,N=3,p=2,1bd=8)

def train(x,y,W_lst,iterations=100eee,1r=6.001,N=1,p=2,1bd=0):

loss_1st = []
Wl = W_1st[8].clone().detach()#(width,128)
Wl.requires_grad = True
if N > 1:
W2 = W_1st[1].clone().detach()#(1,width) or (width,width)
W2.requires_grad = True
if N==3:
W3 = W_1st[2].clone().detach()#(1,width)
W3.requires_grad = True
for i in range(iterations):
prd = torch.mm(x,W1.t())#(batch,width)
if N > 1:
prd = torch.mm(prd,W2.t())#(batch,1) or (batch,width)
if N==3:
prd = torch.mm(prd,W3.t())#(batch,1)
prd = torch.squeeze(prd)
loss = torch.sum((prd-y)**p)/p/len(y)
loss.backward()
loss_lst.append(float(loss))
if i%5000==0:
print(i,float(loss))
gradl = Wl.grad.data
Wl = (1-1r*1lbd)*W1-1r*gradl
Wl = Wl.clone().detach()
Wl.requires_grad = True
if N > 1:
grad2 = W2.grad.data
W2 = (1-1r*1lbd)*W2-1r*grad2
W2 = W2.clone().detach()
W2.requires_grad = True
if N==3:
grad3 = W3.grad.data
W3 = (1-1r*1bd)*W3-1lr*grad3
W3 = W3.clone().detach()
W3.requires_grad = True
return loss_lst



Experiment 3 (Part 1)

Setting

e Linear neural network:
AdaGrad
AdaDelta
Overparameterization

Epoch number:
600,000 epochs

experiment (part_num=1, rerun=1, epochs=600000)

def experiment(part_num, rerun, epochs):
x, y = load('/content/drive/My Drive/Colab Notebooks/x.npy',
' /content/drive/My Drive/Colab Notebooks/y.npy')
if part_num == 1:

if rerun == 0O:
best AdaGrad 1, best AdaDelta 1, best GD 3 = file to_loss(part_num)
else:

best AdaGrad_1, best AdaDelta 1, best GD 3 = part_1(x, y, epochs)
plot_1(best AdaGrad 1, best AdaDelta 1, best GD_3)
elif part_num ==

if rerun == 0O:
Adam_1, Adam_2, Adam 3 = file to_loss(part_num)
else:

Adam_1, Adam_2, Adam_3 = part_2(x, y, epochs)
plot 2(Adam_1, Adam 2, Adam 3)



Experiment 3 (Part 1)

def part 1(x_train, y train, epochs):
models AdaGrad 1 = model building(1, ‘AdaGrad')
models AdaDelta 1 = model building(1, 'AdaDelta’)
models GD 3 = model building(3, 'GD")
Setting print("GD_3")
histories GD_3 = train(models GD_3, epochs, x_train, y train)
best GD 3 = histories GD 3[@].history['loss']

e Linear neural network for item in histories_GD 3:
AdaGrad if item.history['loss'][-1] < best GD 3[-1]:
best GD 3 = item.history['loss']
AdaDelta . . output loss("GD 3.txt", best GD 3)
Overparameterization print("AdaDelta 1")

histories AdaDelta 1 = train(models AdaDelta 1, epochs, x_train, y train)
° EpOCh number: bestTAdaD(.altafl = l)istor‘ies_AdaDelta_l[e].history['loss']
for item in histories AdaDelta 1:
600,000 GPOChS if item.history['loss'][-1] < best_AdaDelta 1[-1]:
best AdaDelta 1 = item.history['loss’]
e Choose the best model oquut:loss("Ada?elta_l.txt", best AdaDelta 1)
; ) print("AdaGrad_1")
aCCOrdlng to the loss in histories AdaGrad 1 = train(models AdaGrad 1, epochs, x train, y train)
the last epoch best AdaGrad_1 = histories AdaGrad_1[@].history['loss’]
for item in histories AdaGrad 1:
if item.history['loss']J[-1] < best AdaGrad 1[-1]:
best AdaGrad 1 = item.history['loss']
output_loss("AdaGrad_1.txt", best AdaGrad 1)
return best _AdaGrad 1, best AdaDelta 1, best GD 3



def model_building(layer_num, args=None):

# Learning rates to search:

EXperIment 3 (Part 1) # 1r = [0.00001, ©.00005, ©.0001, 0.0005, 0.001, 0.005, 0.01, ©.05, 0.1, 0.5]
# Best learning rate concluded from experiments:
1r = [0.01]
AdaGrad_lr = 8.01

Setting GD_1r = 0.0001

AdaDelta_lr = ©.0005
Adam_1lr = ©.0085

Linear neural network models = []

. * initializer = keras.initializers.RandomNormal(mean=0.0, stddev=0.01, seed=None)
AdaGrad: 128 * 1 i
AdaDelta: 128 * 1 lr = [0.0005]

. . for rate in 1lr:
Overparameterization: 128 * 1,1 * 1,1 * 1 i Sl
if layer_num == 3:

model .add(Dense(output_dim=1, input_dim=128, kernel_initializer=initializer))

Learnlng rates for eaCh mOdel to SearCh model.add(Dense(output_dim=1, input_dim=1, kernel_initializer=initializer))
[000001, 000005, 00001, 00005, 0001, model.add(Den?e(output_dimzlJ input_dim=1, kernel_initializer=initializer))

if layer_num == 2:
0005, 001, 005, 01, 05] model .add(Dense(output_dim=1, input_dim=128, kernel_initializer=initializer))
model .add(Dense(output_dim=1, input_dim=1, kernel_initializer=initializer))
if layer_num == I

Choose the beSt mOdel according tO the model.add(Den;e(output_dim=l, input_dim=128, kernel initializer=initializer))
loss in the last epoch optimizer = None
if args == "AdaGrad':
optimizer = keras.optimizers.Adagrad(lr=AdaGrad_1r)
. if args == 'GD":
EpOCh number 600’000 epOChS optimizer = keras.optimizers.SGD(1lr=GD_1r)
if args == "AdaDelta':

optimizer = keras.optimizers.Adadelta(lr=AdaDelta_1r)
if args == "Adam':
optimizer = keras.optimizers.Adam(lr=Adam_1r)
model.compile(loss=14 loss, optimizer=optimizer)
models . append(model)
return models



L4 Loss

Experiment 3 (Part 1): Result
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In this paper’s setting, overparameterization is a more effective optimization strategy than some

carefully designed algorithms tailored for convex problems.



Experiment 3 (Part 2)

def part 2(x_train, y train, epochs):
model Adam 1 = model building(1, "Adam")
model Adam 2 = model building(2, "Adam")
model Adam 3 = model building(3, "Adam")
print("Adam_3")
history Adam 3 = train(model Adam 3, epochs, x train, y train)[@].history["loss"]
output_loss("Adam 3.txt", history Adam 3)
print("Adam_2")
history Adam 2 = train(model Adam 2, epochs, x train, y train)[@].history["loss"]
output_loss("Adam 2.txt", history Adam 2)
print("Adam_1")
history Adam 1 = train(model Adam 1, epochs, x train, y train)[@].history["loss"]
output_loss("Adam 1.txt", history Adam 1)
return history Adam 1, history Adam 2, history Adam 3

Setting . .
e Fixed learning rate: 0.0005

e Linear neural network with the optimizer Adam: (Learning rate is 0.001 in the paper.)
1 layer: 128 * 1

2 layers: 128 * 1,1 * 1
3 |ayerS: 128 * 1, 1 * 1, 1*1 o EpOCh number: 60,000 epOChS



Experiment 3 (Part 2): Result
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e When introducing overparameterization simultaneously with Adam, further acceleration is attained.

e This suggests that at least in some cases, not only plain gradient descent benefits from depth, but
also more elaborate algorithms commonly employed in state of the art applications.



Experiment 4 (MNIST Convolutional Network)

e This is an example implicit acceleration of overparameterization on
a nonlinear model by replacing hidden layers with depth-2 linear
networks

e Two minor changes:

Hidden dense layer: 3136x512 weight matrix replaced by multiplication of 3136x512
and 512x512 matrices.

Output layer: 512x10 weight matrix replaced by multiplication of 512x10 and 10x10
matrices



Code

fc1_weights = tf.Variable( # fully connected, depth 512. # fully connected layers.
tf.truncated_normal([IMAGE_SIZE // 4 * IMAGE_SIZE // 4 * 64, 512], pool_shape = pool.get_shape().as_list()
stddev=0.1, reshape = tf.reshape(
_ pool,
i?ed—Sf%D, o [pool_shape[0], pool_shape[1] * pool_shape[2] * pool_shape[3]])
habl il L T # Fully connected layer. Note that the '+' operation automatically
fc1_weights_op = tf.Variable( # fully connected, depth 512. T broadcasts The Dlases.
tf.truncated_normal([512, 512], hidden = tf.nn.relu(tf.matmul(tf.matmul(reshape, fc1_weights), fc1_weights_op) + fc1_biases)
stddev=0.1, -
seed=SEED # activations such that no rescaling is needed at evaluation time.
’ if train:
- dpre=data—type())) i n —tf nn r\lrnr\m ithidden 05 _ceaed—SEED)
fc1_biases = tf.Variable(tf.constant(0.1, shape=[512], dtype=data_type())) | return tf.matmul(tf.matmul(hidden, fc2_weights), fc2_weights_op) + fc2_biases ]
fc2_weights = tf.Variable(tf.truncated_normal([512, NUM_LABELS],
stddev=0.1,
seed=SEED,
atype=data_typel)))
fc2_weights_op = tf.Variable(tf.truncated_normal([NUM_LABELS, NUM_LABELS],
stddev=0.1,
seed=SEED,
dtype=data_type()))

fc2_biases = tf.Variable(tf.constant(
0.1, shape=[NUM_LABELS], dtype=data_type()))




Result

~ original e As reported above for linear
10! - overparam networks, it is likely that for
non-linear networks the effect
of depth on optimization is
mixed — some settings

6x10° accelerate by it, while others
do not.

4x10° e Comprehensive

3% 108 characterization of the cases
in which depth accelerates
optimization warrants much

2 x 10° further study.
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Experimental Analysis

e Experiments are consistent with the predicted results from theoretical derivation.

e Experiments are conducted with Linear Neural Network to rule out the factor of
expressiveness.

e Experimental results indicates that overparameterization by depth can induce a faster model
training based on gradient descent over a convex problem.

e With sanity test, the experiment with convolutional network indicates that

overparameterization could also be useful in some non-idealized deep learning settings.
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Conclusion and Future Work

Overparameterization by depth can accelerate optimization.

e Linear neural networks

o A preconditioning scheme: a combination between certain forms of adaptive learning rate and
momentum.
o Depends on depth, instead of width: minimal computational price.

e Non-linear neural networks
o Challenging to theoretically analyze
o Empirically, replacing an internal weight matrix by a product of two accelerates optimization,
with expressiveness unchanged

Analysis is based on gradient descent over classic convex problems.
How about other explicit acceleration methods? Momentum? Adagrad?

Can we quantify the effect?
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