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Introduction

Two main issues with current GCN approaches
1 How to efficiently leverage multi-scale information

Graph coarsening - fixed process
Powers of graph Laplacian - expensive

2 Spectral filters are mostly fixed

Learning filters can produce more useful representations
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Introduction

Idea:

Use low-rank approximation of graph Laplacian

Enables efficient computation of matrix powers for multi-scale
information

Design learnable spectral filters
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Graph Fourier Transform

Graph Laplacian L = D − A, L = I − D−1A, or L = I − D−
1
2AD−

1
2

Affinity matrix S = D−
1
2AD−

1
2

Spectral decomposition S = UΛUT

Graph Fourier Transform Y = UTX and X̂ = UY

We can filter in the spectral domain
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Localized Polynomial Filter

τ -localized polynomial filter:

gw (Λ) =
τ−1∑
t=0

wtΛ
t

Leverages information from nodes ≤ τ hops away

More general form:

Y =
τ−1∑
t=0

gt(S , ...,S
t ,X )Wt

Krylov subspace Kt(S , x) = span{x ,Sx , ...,S t−1x}
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Lanczos Algorithm

Given affinity matrix S and node features x , the N-step Lanczos
algorith computes orthogonal Q and symmetric tridiagonal T with
QTSQ = T .

Q forms orthogonal basis of KN(S , x)

First K cols of Q form orthogonal basis of KK (S , x)
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Lanczos Algorithm
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Localized polynomial filter

Run Lanczos for K steps starting with Xi to compute orthonormal
basis Q of KK (S ,Xi )

Yj = Qwi ,j

Q depends on Xi : separate run of Lanczos is needed for each graph
convolution layer

Ideally, we want to only compute Lanczos once during inference on a
graph
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Spectral Filter

Alternate view:

Choose random starting vector x

Treat K step Lanczos output as low-rank approximation S ≈ QTQT

Decompose tridiagonal matrix into Ritz values T = BRBT

R is diagonal: approximation of eigenvalues

S ≈ VRV T where V = QB

Rewrite graph convolution as

Yj = [Xi , SXi , ...,S
K−1Xi ]wi ,j ≈ [Xi ,VRV

TXi , ...,VR
K−1V TXi ]wi ,j
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Learning the Spectral Filter

Use K different spectral filters with kth output
R̂(k) = fk([R1, ...,RK−1]), where fk is MLP

Yj = [Xi ,V R̂(1)V TXi , ...,V R̂(K − 1)V TXi ]wi ,j
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Multi-Scale Graph Convolution

Y = [LS1X , ..., LSMX ,V R̂(I1)V TX , ...,V R̂(IN)V TX ]W

S: Short-scale parameters, e.g. 0, ..., 5

I: Long-scale parameters, e.g. 10, 20, ..., 50
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LanczosNet
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AdaLanczosNet

Back-propagate through Lanczos algorithm

Facilitates learning graph kernel and/or node embeddings
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Graph Kernel

Learnable anisotrophic graph kernel

k(xi , xj) = exp

(
−‖fθ(xi )− fθ(xj)‖2

ε

)
fθ is an MLP

We can construct adjacency matrix Ai ,j = k(xi , xj) if (i , j) ∈ E and 0
otherwise

Use to define affinity matrix S = D−
1
2AD−

1
2

We can discard f to learn node embeddings on X
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Tridiagonal Decomposition

Backpropagation through the eigendecomposition of tridiagonal
matrix is unstable

Instead directly use approximation S = QTQT

Y = [LS1X , ..., LSMX ,Qf1(T I1)QTX , ...,QfN(T IN )QTX ]W

fi is learnable filter
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Citation Networks
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Quantum Chemistry
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Conclusions

This method enables more powerful learning on graphs, incorporating
multi-scale information as well as learned spectral filters and graph
kernels.

It outperforms many other graph networks on difficult problems
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