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primal and dual problem

Primal optimization problem:

min f0pxq

s.t. fi pxq ď 0, i “ 1, ¨ ¨ ¨ ,m
(1)

Equivalent form:

min
x

max
λiě0

f0pxq ` λi fi pxq (2)

Dual problem:

max
λiě0

min
x

f0pxq ` λi fi pxq (3)

We have:

p˚ “ min
x

max
λiě0

f0pxq ` λi fi pxq ě max
λiě0

min
x

f0pxq ` λi fi pxq “ d˚
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The dual problem is always convex regardless of the convexity of the
primal.

If the equality holds for px˚, λ˚i q, the problem satisfies strong duality,
px˚, λ˚i q are called saddle points.

Complementary Slackness

Suppose the strong duality holds for px˚, λ˚i q, we have:

m
ÿ

i“1

λ˚i fi px
˚q “ 0

The property is known as complementary slackness.
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KKT optimality conditions

Assume all functions f0, ¨ ¨ ¨ , fm are differentiable.

Karush-Kuhn-Tucker conditions

Suppose the strong duality holds for px˚, λ˚i q, we have the following
conditions:

fi px
˚q ď 0, i “ 1, ¨ ¨ ¨ ,m

λ˚i ě 0, i “ 1, ¨ ¨ ¨ ,m

λ˚i fi px
˚q “ 0, i “ 1, ¨ ¨ ¨ ,m

∇f0px
˚q `

m
ř

i“1
λ˚i ∇fi px

˚q “ 0
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KKT conditions for convex problems

Main conclusion

If fi pxq are convex, x̂ , λ̂ are points satisfy the KKT conditions, then the
strong duality holds, and px̂ , λ̂q is a pair of saddle point.
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Primal

max
p,dPU

ă p, r ą ´
1

η
Dpp||p0q ´

1

α
Hpd ||d0q

s.t. ETd “ γPTp ` p1´ γqν0

ΦTd “ ΦTp

Lagrange form:

where Qθ “ Φθ,4θ,V “ r ` γPV ´ Qθ, the Lagrange form is a concave
function of p and d .
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Take the derivative w.r.t. p and d , we have:

p˚px , aq “ p0px , aq expηp4θ,V px ,aq´ρq

π˚d px , aq “ π0px , aq expαpQθpx ,aq´V pxqq

ρ˚ “ logp
ÿ

x ,a

p0px , aqe
η4θ,V px ,aqq

Take the optimal values into the Lagrangian, we have:

Lpp˚, d˚;Vθ, θ, ρ
˚q “ p1´ γq ă ν0,V ą `

1

η
logp

ÿ

x ,a

p0px , aqe
η4θ,V px ,aqq
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Primal

max
p,dPU

ă p, r ą ´
1

η
Dpp||p0q ´

1

α
Hpd ||d0q

s.t. ETd “ γPTp ` p1´ γqν0

ΦTd “ ΦTp

Dual form:
Define the Q-function Qθ “ Φθ, the value function:

Vθpxq “
1

α
logp

ÿ

a

πi px , aqe
aθpx ,aqq,

and the Bellman error function 4θ “ r ` γPVθ ´ Qθ. Then the optimal
solution for the primal takes the form:

p˚px , aq9p0px , aqe
η4θ˚ px ,aq

πd˚pa|xq “ π0pa|xqe
αpQθ˚ px ,aq´Vθ˚ pxqq
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where θ˚ is the minimizer of the convex function.

Gpθq “ 1

η
logp

ÿ

x ,a

p0px , aqe
η4θpx ,aqq ` p1´ γq ă ν0,Vθ ą

By analogy with the classic logistic loss, the loss function is called logistic
Bellman error, its solutions Qθ and Vθ the logistic value functions.
Two advantages:

The G is convex.

The G satisfies ||∇QGpQq||1 ď 2
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Q-REPS: a mirror-descent algorithm.
Suppose the feasible region is M, then the iterative optimization algorithm
is :

ppk`1, dk`1q “ arg max
p,dPM

ă p, r ą ´
1

η
Dpp||pK q ´

1

α
Hpd ||dkq

Implementing requires the minimum θ˚k of the logistic Bellman error
function

Gpθq “ 1

η
logp

ÿ

x ,a

pkpx , aqe
η4θpx ,aqq ` p1´ γq ă ν0,Vθ ą

In practice, exact minimization can be often infeasible due to the lack of
knowledge of the transition function P and limited access to computation
and data.
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To use the Q-REPS, the optimization should directly work with the sample
transitions obtained through interaction with the env.

In each epoch k, we execute policy πk and obtain a batch of N sample
transitions tεk,nu

N
n“1 , with εk,n “ pXk,n,Ak,n,X

1

k,nq drawn from the
occupancy measure pk induced by πk .

Furthermore, defining the empirical Bellman error for any px , a, xq as:

4̂θpx , a, x
1q “ rpx , aq ` γVθpx

1q ´ Qθpx , aq

Then the empirical logistic Bellman error (ELBE) is defined as:

Ĝkpθq “
1

η
logp

1

N

N
ÿ

n“1

eη4̂θpεk,nqq ` p1´ γq ă ν0,Vθ ą
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Variational method can be used to transform the distribution based target
to sample based target.

Let DN be the set of all probability distributions over rNs and define

Skpθ, zq “
ÿ

z

zpnqp4̂θpεk,nq ´
1

η
logpNzpnqqq ` p1´ γq ă ν0,Vθ ą

for each z P DN . we have :

min
θ

Ĝkpθq “ min
θ

max
zPDN

Skpθ, zq

in each round τ “ 1, 2, ¨ ¨ ¨ ,T , the sampler proposes a distributionz
Zk,τ P DN over sample transtions and the learner updates the parameters
θK ,T
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To optimize the θ,

sample an index I from the distribution zk,τ

let pX ,A,X q “ pXk,I ,Ak,I ,Xk,I q

sample a state X̄ and two actions A1, Ā

then, ĝk,tpθq “ γφpX 1,A1q ´ φpX ,Aq ` p1´ γqφpX̄ , Āq is an unbiased

estimation for the
BS

Bθ
. the introduced variable Z can also be optimized

through gradient based method.

UVA (UVA) Qdata 201909 14 / 14


