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Background

Sparsity:

Feature Selection

Avoid Overfitting

Prior Knowledge

Categories: Exponential family

L0: discontinuous, nonconvex

L1: continuous, non-smooth, convex, Laplacian prior

L2: smooth, convex, Gaussian prior

Group Sparsity: structure involved, non-smooth (very sharp)
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Model

Multi-tasks:

L models for L tasks.

For task j , training set: tx ji , y
j
i u

mi
i“1, model: w j , where x ji ,wj P Rk

Data fitting term:
1

2
||Y j ´ X jw j ||2F

Parameter matrix W , ith row contains parameters for ith model.

If sparsity is added to each model, it is Lasso.
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Assumption

The parameters of same features have similar behavior.
They should be either all 0 or all nonzero.
Why feature selection?

Example
Suppose a polynomial regression, tth feature is x t .
Wt “ 0 Ñ x t is not used for all models.
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VI framework

Suppose y ji “ f jpx ji q ` ε, where ε „ Np0, σ2q

ppy ji |x
j
i ,w

jq9 expp´
ry ji ´ x ji w

j s2

2σ2
q (1)

Prior knowledge?

ppwi |δi q9 expp´δ||wi ||2q (2)

Posterior distribution for W :

´logppW |Y ,X , σ, δq “
L

ÿ

j“1

c

2
||Y j ´ X jw j || `

K
ÿ

i“1

δ||wi ||2 (3)
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Optimization

Proximal Operator

Alternating direction method of multipliers (ADMM)

University of Virginia (UVA) Zhe Wang 201909 8 / 23



Proximal Operator

Definition of Proximal Operator:

Proxλ,f pyq “ arg min
x

1

2
||y ´ x ||22 ` λf pxq (4)

A generalized projection.
Suppose I pxq is the indicator function on some convex set X :

IX pxq “

#

0, x P X

8, otherwise
(5)

then, ProxI pyq “ arg minxPX ||y ´ x ||22 “ ProjX pyq

Closed form solution for l1, l2, nuclear norm, and group sparsity norm.
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Proximal Operator

Optimization of hpxq ` λf pxq
hpxq: differentiable, convex function (data fitting term)
f pxq is some kind of regularizer term.

hpxq “ hpxkq `∇hpxkqpx ´ xkq `
1

2t
||x ´ xk ||

2
F

hpxq ` λf pxq “ hpxq `
1

2t
||x ´ pxk ´ t∇hpxkqq||

2
2

“ Proxλ,hpxk ´ t∇hpxkqq

(6)
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loss function:

L
ÿ

j“1

c

2
||Y j ´ X jw j ||2F `

K
ÿ

i“1

δ||wi ||2 (7)

losspW q ` ||W ||2,1 (8)

Reformulation:

losspW q ` ρ
k

ÿ

i“1

ti

s.t. ||wi ||2 ă ti pFeasible region : Dq

(9)

Basic Idea:

one step gradient descent on losspW q

project the current solution back to feasible region
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Projection

pW , tq “ arg min
pW ,tqPD

1

2
||W ´ U||2F `

1

2
||t ´ v ||2 “ ProxID pU, vq (10)

University of Virginia (UVA) Zhe Wang 201909 13 / 23



Wi “

$

’

’

’

&

’

’

’

%

||Ui || ` vi
2||Ui ||

Ui , ||Ui || ą |vi |

Ui , ||Ui || ď vi

0, ||Ui || ď ´vi

ti “

$

’

’

&

’

’

%

||Ui || ` vi
2

, ||Ui || ą |vi |

vi , ||Ui || ď vi

0, ||Ui || ď ´vi

(11)
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Second Reformulation

arg min
W

losspW q, (12)

s.t. ||W ||2,1 ă c (13)

Lagrange Multiplier Framework:
Primal:

arg min
W

max
λě0

losspW q ` λp||W ||2,1 ´ cq (14)

Dual

arg max
λě0

min
W

losspW q ` λp||W ||2,1 ´ cq (15)
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KKT Condition

Karush-Kuhn-Tucker

||W ˚||2,1 ă c

λ˚ ą 0

λ˚p||W ˚||2,1 ´ cq “ 0

∇W losspW q `∇Wλ
˚p||W ˚||2,1 ´ cq “ 0
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Suppose the current dual variable is λ˚, and current U:

Wi “ Proxl2pUi q “
1

2
||Wi ´ Ui ||

2 ` λ˚||Wi || (16)

Some useful facts for norm:

For Lq norm, conjugate function: Indicator of unit ball of Lq norm,
with 1{p ` 1{q “ 1

w “ Proxλ,Lppwq ` λProxILqpw{λq
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Example:

ProxL2 , the dual norm L2, the conjugate function:
#

0, ||x ||2 ă 1

8, otherwise
(17)

ProxLqpxq “

#

x , ||x ||2 ă 1

x{||x ||2, otherwise.
(18)

So, for objective function:

Wi “ Proxl2pUi q “
1

2
||Wi ´ Ui ||

2 ` λ˚||Wi || (19)

W ˚
i “

$

’

’

’

&

’

’

’

%

p1´
λ˚

||Ui ||
qUi , if λ

˚ ą 0, ||Ui || ą lambda˚

0, λ˚ ą 0, ||Ui || ă λ˚

Ui , λ
˚ “ 0

(20)
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Convergence Rate

Convergence rate: Op1{kq

Nesterov acceleration version: Op1{k2q
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ADMM

In single task setting: Solutions contain some group sparsity structure.
Suppose x P Rn, txgi P Rni : i “ 1, 2, ¨ ¨ ¨ , su be the group structure for x

||x ||2,1 “
s

ÿ

i“1

wi ||xgi ||2

s.t. Ax “ b

(21)

Main idea:

Introduce some auxiliary variable

Split the big optimization problem into some subproblems

Optimize each subproblems alternatively.
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Procedures

Introduce new variables:

min
x ,z
||z ||w ,2,1 “

2
ÿ

i“1

wi ||zgi ||2 (22)

s.t. z “ x ,Ax “ b (23)

Augmented Lagrangian problem:

min
x ,z
||z ||w ,2,1 ´ λ

T
1 pz ´ xq `

β1
2
||z ´ x ||22 ´ λ

T
2 pAx ´ bq `

β2
2
||Ax ´ b||22,

(24)

where λ1, λ2 are multipliers and β1, β2 are penalty parameters.
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x-subproblem:

min
x
λT1 x `

β1
2
||z ´ x ||22 ´ λ

T
2 Ax `

β2
2
||Ax ´ b||22, (25)

min
x

1

2
xT pβ1I ` β2A

TAqx ´ pβ1z ´ λ1 ` β2A
Tb ` ATλ2q

T x , (26)

Strongly convex, reduces to linear system:

pβ1I ` β2A
TAqx “ pβ1z ´ λ1 ` β2A

Tb ` ATλ2q. (27)
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z-subproblem:

min
z

s
ÿ

i“1

rwi ||zgi ||2 `
β1
2
||zgi ´ xgi ´

1

β1
pλ1qgi ||

2
2s (28)

multipliers update: gradient ascent

λ1 “ λ1 ´ γ1β1pz ´ xq

λ2 “ λ2 ´ γ2β2pAx ´ bq
(29)
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